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Abstract
We show that the Casimir force between mirrors with arbitrary fre-
quency dependent reflectivities obeys bounds due to causality and passiv-
ity properties. The force is always smaller than the Casimir force between
two perfectly reflecting mirrors. For narrow-band mirrors in particular,
the force is found to decrease with the mirrors bandwidth.
PACS: 03.65; 12.20; 42.50
1 Introduction
Two reflectors placed in vacuum exert a force onto each other, since the en-
ergy stored between them depends on their relative positions. This well known
Casimir effect is a macroscopic mechanical consequence of quantum fluctuations
of electromagnetic fields. In the standard point of view, the Casimir energy is
deduced from the part of vacuum energy which depends on the presence and
position of reflecting boundaries [1]. In a local point of view in contrast, the
Casimir force is understood as the radiation pressure exerted upon mirrors by
vacuum fluctuations [2]. As it is known from theory and experiments in Cavity
Quantum Electrodynamics [3], vacuum fluctuations are enhanced or suppressed
inside the cavity, depending on whether the field frequency matches a cavity
resonance or not. Whereas at resonance the vacuum energy density inside the
cavity is increased and thus pushes the mirrors apart, out of resonance vacuum
fluctuations are suppressed and the mirrors are attracted to each other. The net
Casimir force therefore appears as an average between repulsive and attractive
contributions associated respectively with resonant and antiresonant parts of
the spectrum.
1Unite´ propre du Centre National de la Recherche Scientifique, associe´e a` l’Ecole Normale
Supe´rieure et a` l’Universite´ de Paris Sud.
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In this context, the case of mirrors with frequency dependent reflectivity
amplitudes is particularly interesting, not only because it corresponds to the
realistic case, but also for conceptual reasons. First, it provides a natural regu-
larisation procedure to dispose of the divergences associated with the infiniteness
of vacuum energy [4]. Then, it suggests to choose specific frequency dependences
designed to change the balance between attractive and repulsive contributions
to the force. For narrow-band mirrors in particular, it may be thought that the
Casimir force depends in a sensitive manner on the relative tuning between the
mirrors reflectivity bands and cavity resonances and, therefore, on the distance
between the mirrors for given reflectivity functions. It might also be hoped that
the force reaches values larger than for perfect mirrors or that it can be alterna-
tively attractive or repulsive. If confirmed, these features would allow to design
novel and more sensitive experimental demonstrations of the Casimir effect [5].
The aim of the present letter is to discuss these expectations and to anal-
yse them in connection with general properties obeyed by real mirrors, namely
causality and passivity. Passivity is a fundamental property related to energy
considerations: in the absence of an internal gain mechanism, mirrors are not
able to provide energy to the field [6]. Passivity of mirrors then ensures stabil-
ity of intracavity field. In a first stage we derive properties of the Casimir force
evaluated for an arbitrary passive system of frequency dependent mirrors and
show that the force never exceeds the value corresponding to the limiting case
of perfectly reflecting mirrors. We then concentrate on a cavity formed by two
multilayer dielectric mirrors and find that the Casimir force is always attractive
and a decreasing function of cavity length. We finally consider narrow-band
mirrors designed to disturb the balance between attractive and repulsive con-
tributions to the Casimir force. We derive a simple expression for the force
revealing it to be in fact much smaller than the value corresponding to perfect
mirrors. In particular the force decreases with the mirrors bandwidth.
For simplicity, we limit ourselves here to calculations in a model two-dimen-
sional space-time. As is well known from the analysis of quantum optical ex-
periments using cavities [7], each transverse cavity mode is correctly described
by such a model provided that the size of the mirrors is larger than the spot
size associated with the mode and that the mode may be treated in a paraxial
approximation. In the particular case of narrow-band mirrors, the calculations
presented in this paper correspond therefore to the Casimir force due to a single
transverse mode. A more elaborate approach would require a detailed evalu-
ation of the effects of diffraction, accounting in particular for the dependence
upon diffraction of the reflection coefficients of each mode [8]. The Casimir force
in the realistic four dimensional configuration may be qualitatively evaluated as
the product of the two dimensional result obtained in this letter with the num-
ber of modes efficiently coupled to the cavity, that is to say the Fresnel number
[5].
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2 The Casimir force for frequency-dependent
mirrors
From now on, we restrict our attention to the simple model of a scalar field in
a mono-dimensional space. The Casimir force between two perfectly reflecting
mirrors thus scales as the squared inverse of the distance q or of the time of
flight τ between the two mirrors [2]
FP =
pih¯
24cτ2
τ =
q
c
(1)
More generally, the Casimir force between two partly reflecting and frequency-
dependent mirrors may be expressed as follows [4]
F =
h¯
c
∫ ∞
0
dω
2pi
ω (1− g[ω])
g[ω] =
1− |r1[ω]r2[ω]|
2
|1− r1[ω]r2[ω]e2iωτ |
2
(2)
The upper equations describe in a quantitative way the interpretation presented
in the Introduction. They give the Casimir force F as the difference between
outer and inner radiation pressure, defined in such a manner that a positive
value of the force corresponds to attraction. The density of vacuum energy per
mode at frequency ω is given by the expressions h¯ω
2c
and h¯ω
2c
g[ω] respectively
outside and inside the cavity. The Airy function g[ω] depends on the reflection
amplitudes r1 and r2 of the two mirrors and describes the modification of vac-
uum energy inside the cavity with respect to the incoming vacuum energy. It
corresponds to an enhancement or suppression of vacuum fluctuations inside the
cavity depending on whether the field frequency is resonant or non-resonant with
a cavity mode [3]. As a result of causality r1[ω]r2[ω] is analytic for frequencies
ω lying in the upper half Imω > 0 of the complex plane [9].
The expectations which have been discussed in the Introduction may now
be stated in a more quantitative manner. Since the Airy function g[ω] nearly
vanishes in the interval between two cavity resonances, the attractive contri-
bution to the Casimir force from this interval (∆ω ≃ pi
τ
corresponding to the
free spectral range) may be approximated to the amount h¯ω
2cτ
. Inside the cav-
ity resonances in contrast, the Airy function g[ω] is much larger than unity.
At exact resonance, it reaches a maximum value proportional to the cavity fi-
nesse. The frequency interval corresponding to the resonance peaks is much
smaller than the free spectral range and the ratio between these two quantities
is controlled by the cavity finesse. As a consequence, the repulsive contribution
corresponding to a resonance peak has nearly the same magnitude as the attrac-
tive contribution corresponding to the neighbouring free spectral range. This
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implies that attractive and repulsive contributions nearly cancel in the evalu-
ation of the net Casimir force. Actually, for every interval, the attractive and
repulsive contributions each largely exceed the net Casimir force FP, at least
for high order modes such that ωτ ≫ 1. This is precisely the reason why it
might be expected that a Casimir force larger than FP could be obtained by
disturbing this fine balance between attractive and repulsive contributions. We
will however show that this expectation cannot be met, because of causality and
passivity properties of mirrors.
3 The Casimir force between reciprocal passive
mirrors
To go further in the discussion of the Casimir force, we have now to specify
these properties. In the present section, we will use the minimal assumption
that the mirrors are causal and passive systems [6]. We will first concentrate
on the properties of a single mirror and then deduce the properties of a pair of
mirrors and therefore of the Casimir force.
We consider each mirror as a network with two ports corresponding to the
left-hand and right-hand sides of the mirror. We introduce amplitudes ain
L
, aout
L
,
ain
R
and aout
R
which describe the input and output fields at the two ports of the
mirror as shown in Fig. 1. These amplitudes are classical numbers representing
a
L
in
a
R
in
a
R
out
a
L
out
Figure 1: Incoming and outgoing field amplitudes on the left-hand and
right-hand side of the mirror.
mean values of the fields evaluated on the physical boundaries of the mirror.
The same equation describes also the transformation of the quantum field am-
plitudes, that is of the annihilation and creation operators [4]. For dissipative
mirrors extra terms have to be added which describe Langevin forces associated
with loss mechanisms [10]. We will however not discuss these terms in more
detail since both cases of dissipative or non dissipative mirrors can be dealt
with in exactly the same manner [11].
The field amplitudes are gathered in column vectors ain and aout according
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to the rule
a =
[
aL
aR
]
(3)
We relate input and output field amplitudes through a scattering matrix S, the
coefficients of which are two reflection amplitudes r and r and a transmission
amplitude t
aout = Sain S =
[
r t
t r
]
(4)
Micro-reversibility of the electromagnetic processes taking place inside the mir-
ror entails that the network is reciprocal [12], which means that the S-matrix
is symmetrical, the two transmission amplitudes being equal. However this
does not imply that the mirror is symmetrical in the exchange of its two ports.
Should this further property be also obeyed, the two reflection amplitudes r and
r would be equal too.
We then introduce the magnetic and electric fields at the two ports of the
network (same notations as in eq.(3))
h = ain − aout e = ain + aout (5)
These fields are related through an impedance matrix Z directly connected to
the S-matrix
e = Zh S =
Z − 1
Z + 1
(6)
As an immediate consequence of this relation, it follows that
1− SS† = 2
1
Z + 1
(
Z + Z†
) 1
Z† + 1
(7)
We will use this relation in the following to derive an upper bound of the Casimir
force between passive mirrors.
Mirrors are electromagnetic networks which obey properties similar to those
of electrical networks. Passivity of a mirror means that it does not provide en-
ergy to the field when irradiated by arbitrary incident amplitudes. This property
may be stated in terms of the power pi characterizing this exchange of energy
pi(t) = e(t)†h(t) = ain(t)†ain(t)− aout(t)†aout(t)∫ t
−∞
pi(t′)dt′ ≥ 0 (8)
The impedance-matrix Z of the mirror, considered as a function of complex fre-
quency ω = ip, then obeys the following positivity property [6] for an arbitrary
column vector h
Re p ≥ 0⇒ h†
(
Z[ip] + Z[ip]†
)
h ≥ 0 (9)
5
Using relation (7), the passivity property may equivalently be written
Re p ≥ 0⇒ h†
(
1− S[ip]S[ip]†
)
h ≥ 0 (10)
By choosing particular vectors h with components 1 and 0 or 0 and 1, one
deduces
Re p ≥ 0⇒
{
|r[ip]|
2
+ |t[ip]|
2
≤ 1
|r[ip]|
2
+ |t[ip]|
2
≤ 1
}
(11)
It follows immediately that all scattering coefficients of a passive mirror have
a modulus smaller than unity for frequencies in the upper half of the complex
plane. Coming back to the notations of equation (2), this theorem may be
stated
Re p ≥ 0⇒ |rj [ip]| ≤ 1 (12)
To evaluate the force (2), we use the equivalent expression
F =
h¯
c
∫ ∞
0
dω
2pi
ω (−f [ω]− f [ω]∗)
f [ω] =
r1[ω]r2[ω]e
2iωτ
1− r1[ω]r2[ω]e2iωτ
=
r1[ω]r2[ω]
e−2iωτ − r1[ω]r2[ω]
(13)
The function f [ω] is the loop function corresponding to one roundtrip of the
intracavity field. As a consequence of (12), the product of the reflection ampli-
tudes of two passive mirrors has a modulus smaller than unity
Re p ≥ 0⇒ |r1[ip]r2[ip]| ≤ 1 (14)
It follows that the system “cavity (with motionless mirrors) plus vacuum” is
stable and f [ω] is analytic in the upper half of the complex frequency plane.
The force (13) may then be rewritten as an integral over imaginary frequency
ω = ip with p real [13]
F =
h¯
pic
∫ ∞
0
p r1[ip]r2[ip]
e2pτ − r1[ip]r2[ip]
dp (15)
We have used the fact that f [ip] is real if p is real since rj [ip] is the Laplace
transform of a real function [4]. In the limit of perfect reflection, expression (1)
of the Casimir force is recovered
FP =
h¯
pic
∫ ∞
0
p
e2pτ − 1
dp (16)
With the help of theorem (14), we deduce that the Casimir force (15) between
two arbitrary passive mirrors has an absolute value smaller than the value (16)
reached for perfect mirrors
|F | ≤ FP (17)
This is a first bound on the Casimir force which shows that the latter cannot
be arbitrarily modified, because mirrors are passive systems.
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4 The Casimir force between multilayer dielec-
tric mirrors
We will now concentrate on the particular case of multilayer dielectric mirrors
and derive first the properties obeyed by their reflection amplitudes from which
we will then deduce further properties of the Casimir force.
We consider the multilayer dielectric mirror to be built of dielectric slabs.
Each slab is symmetrical in the exchange of its two ports. Therefore the two
reflection amplitudes contained in the S-matrix of a single slab are equal. The
reflection and transmission amplitudes of a slab denoted by A are given by
the following relations taken for example from [14] and translated from real to
imaginary frequencies
rA[ip] = −
ρA
(
1− e−2pξA
)
1− ρ2
A
e−2pξA
tA[ip] =
(
1− ρ2
A
)
e−pξA
1− ρ2
A
e−2pξA
ρA[ip] =
√
εA[ip]− 1√
εA[ip] + 1
ξA[ip] =
√
εA[ip]
lA
c
(18)
These amplitudes have the same form as those of a Fabry-Perot cavity where
ρA is the reflection amplitude for one interface and ξA an equivalent time of
flight between the two interfaces (lA is the thickness of the slab). The dielectric
constant εA, evaluated for imaginary frequencies, approaches unity for p → ∞
and is everywhere a real number larger than unity, as a consequence of Kramers-
Kronig relations and passivity of the dielectric medium [15].
From relations (18) follows that the reflection amplitude of a dielectric slab
is negative for Re p ≥ 0 while the transmission amplitude is positive. These
latter properties are still fulfilled for multilayer mirrors as we will show in the
following. As every multilayer mirror is built of dielectric slabs, it remains to
proove that the upper properties are preserved when the slabs are piled up. To
this aim we will represent each mirror by a transfer matrix which relates the
fields on its left-hand and right-hand side (see Fig. 1)
[
aout
L
ain
L
]
= T
[
ain
R
aout
R
]
(19)
The explicit form of the T -matrix in terms of reflection and transmission am-
plitudes follows directly from expression (4) of the S-matrix
T =
1
t
[
t2 − rr r
−r 1
]
(20)
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A reciprocal mirror corresponds to a T -matrix having a determinant equal to
unity.
Definition (19) is such that the T -matrix associated with a multilayer mirror
is given by the product of the T -matrices of the elementary slabs which form the
mirror (see Fig. 2). The T -matrix associated with the whole multilayer mirror
a
L
in
a
L
out
a
R
out
a
R
in
Figure 2: Multilayer mirror obtained by piling up elementary slabs.
may thus be obtained by iterating piling processes where an elementary slab is
added to a given set of slabs. Denoting the extra slab by A and the set of slabs
already piled up by B, the iteration step is then described by the relation
TAB = TATB (21)
As a consequence, the reciprocity property is preserved when slabs are piled up.
This characteristic of electromagnetic networks [6] is only a particular feature
of more general properties of reciprocal networks [12]. In contrast, the sym-
metry in the exchange of the two ports which is obeyed by a single slab is no
longer satisfied by multilayer mirrors. Reflection and transmission amplitudes
are obtained by developing equation (21) with the help of (20)
tAB =
tAtB
1− rArB
rAB = rA +
rBt
2
A
1− rArB
rAB = rB +
rAt
2
B
1− rArB
(22)
It immediately follows that the reflection amplitudes evaluated at imaginary
frequencies for a multilayer dielectric mirror are negative while the transmission
amplitudes are positive.
Coming back to the notation of equation (2) we deduce in particular that
the reflection amplitude rj associated with each mirror is negative
Re p ≥ 0⇒ rj [ip] ≤ 0 (23)
The product of the reflection amplitudes of the two mirrors is thus positive
Re p ≥ 0⇒ 0 ≤ r1[ip]r2[ip] ≤ 1 (24)
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It follows that the Casimir force (15) between two arbitrary multilayer dielectric
mirrors is attractive for any cavity length and decreases as a function of the
length
0 ≤ F ≤ FP
dF
dτ
≤ 0 (25)
These properties constitute further bounds for the Casimir force valid for any
multilayer dielectric mirror. One may remind at this point that a repulsive
Casimir force may be obtained by considering a cavity built with a dielectric
and a magnetic plates [16]. The product r of the two reflection amplitudes is
indeed negative in this case, so that the force (15) is repulsive.
5 The Casimir force between narrow-band mir-
rors
One may give a simple and accurate estimation of the Casimir force in the par-
ticular case of narrow-band multilayer dielectric mirrors, i.e. of mirrors having
an optical depth much smaller than the distance between them.
This possibility is based on the existence of a suitable approximation for
the typical variation of the reflection amplitudes as functions of frequency. For
a single slab, the reflection amplitude given in equation (18) vanishes at zero
frequency p = 0 and remains small for frequencies such that pξA < 1. This
property has a simple interpretation. At low frequencies the wavelength of the
field is indeed larger than the optical depth of the slab, so that the slab appears
to the field as a smooth modulation of the refractive index rather than as an
abrupt interface. The reflection amplitude rA[ip] thus vanishes at zero frequency
while the transmission amplitude is unity at zero frequency (cf. eqs (18)). The
behaviour of the reflection coefficient at small frequencies is therefore mainly
determined by its derivative at zero frequency r′
A
[0]
rA[ip] ≃ −pθA
θA = −ir
′
A[0] (26)
We have introduced here a coefficient θA which can be easily evaluated from
(18) for a single slab
θA =
εA − 1
2
lA
c
(27)
This coefficient is always positive and is similar to an optical depth of the
dielectric slab, however not measured as a length but as a time.
We can now use transformation rules (22) to derive the corresponding prop-
erties of a multilayer dielectric mirror. We first deduce that its reflection and
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transmission amplitudes are still respectively zero and unity. Furthermore it
follows from (22) that the derivatives of the reflection amplitudes at p = 0 are
simply added when an extra slab is piled up onto a mirror
θAB = θA + θB (28)
The reflection amplitude of a multilayer dielectric mirror is therefore still given
by the approximated expression (26), with a coefficient θ now written as a sum
over the multiple layers A
θ =
∑
A
εA − 1
2
lA
c
(29)
Coefficient θ is also closely related to the mirrors bandwidth. By using the usual
dispersion relation for the reflection amplitude, we can indeed write
θ =
2
pi
∫ ∞
0
dω
(−Re r[ω])
ω2
(30)
In the limit of narrow bandwidth in particular, it is directly proportional to the
bandwidth for mirrors having a given central reflection frequency.
We may now deduce a simple approximation of the Casimir force (15) be-
tween two narrow-band mirrors (θ1 ≪ τ and θ2 ≪ τ). In the integral (15),
the dominant contribution indeed comes from low frequencies, due to the ex-
ponential factor e2pτ appearing in the denominator. This integral may thus be
approximated in terms of the coefficients θj
F ≃
h¯
pic
∫ ∞
0
p r[ip] e−2pτdp
≃
h¯θ1θ2
pic
∫ ∞
0
p3 e−2pτdp
≃
3h¯θ1θ2
8picτ4
(31)
The Casimir force for narrow-band mirrors (31) can now be compared to the
force evaluated in the limit of perfectly reflecting mirrors (1)
F = FP
9θ1θ2
pi2τ2
(32)
Clearly the Casimir force between narrow-band mirrors is always much smaller
than between perfect mirrors. In particular it decreases proportionally to the
product of the reflection bandwidths of the two mirrors.
6 Discussion
As discussed in the Introduction, the Casimir force results from a fine balance
between repulsive and attractive contributions associated respectively with reso-
nant and antiresonant modes of vacuum fluctuations. This might lead to expect
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that specific frequency dependences designed to affect this balance could allow
to change quantitative properties of the Casimir force. We have shown in the
present letter that such expectations cannot be met due to fundamental prop-
erties obeyed by real mirrors. For any mirror obeying passivity properties, the
Casimir force never exceeds the limiting value obtained for perfect mirrors. For
multilayer dielectric mirrors, even tighter bounds are obtained for the Casimir
force. It remains attractive for any cavity length while its value is a decreasing
function of the cavity length.
This means that the arguments presented in the Introduction fail despite of
their apparent pertinence. A qualitative interpretation of this failure may be
drawn by recalling that resonances are in fact determined by phase conditions.
Besides the phase-shift due to free flight between the two mirrors, the field also
undergoes phase-shifts during reflection on the mirrors. Equation (2) shows
that these phase-shifts induce a cavity resonance shift which was disregarded in
the simple discussion presented in the Introduction. For narrow-band mirrors
in particular, the dephasing of the field differs by a phase pi above and below
resonance, due to analyticity properties of the reflection amplitudes. A phase-
shift of pi is exactly the value required for shifting the cavity detuning from
one mode to the next one. This phase-shift thus forbids to separate repulsive
and attractive contributions to the Casimir force and, therefore, to meet the
expectation of a more sensitive dependence of the Casimir force versus distance.
These results should be considered in order to assess the feasibility of novel
experimental demonstrations of the Casimir effect with frequency dependent
mirrors. From the conceptual point of view, they also raise interesting questions
by revealing intimate connections between causality and passivity properties on
one side, and the evaluation of the storage of vacuum energy by a cavity on the
other side.
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